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We carry out a Monte Carlo simulation of stochastic effects for two models of intercellular calcium wave
propagation in rat hepatocytes. Both models involve gap junction diffusion by a second messenger. We find
that in general the stochastic effects improve agreement with experiment, for a reasonable choice of model
parameters. Both stochastic models exhibit baseline fluctuations and variations in the peak heights of Ca . In
addition, we find for one model that there is a distribution of latency times, rather than a single latency time,
with a width which is comparable to the experimental observation of spike widths. We also find for the other
model with low gap junction diffusion that it is possible for cell multiplets to oscillate independently initially,
but to subsequently become synchronized.
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I. INTRODUCTION
Cell to cell signals control the development of multicellular organisms as well as most of their functions (Goldbeter, 1996).
These signals have many different manifestations and provide excellent examples of nanoscale biology. Calcium signaling plays
a particularly important role in cell communication. Single hepatocytes respond to hormonal stimulation with repetitive spikes
in intracellular Ca concentration (Thomas et al., 1996; Thomas et al., 1991; Thomas et al., 1995). Multiplets of hepatocytes
can exhibit well-coordinated spiking, known as intercellular Ca  waves. Such intercellular communication can take different
forms, including gap junction coupling, paracrine signaling and the recently discovered extracellular calcium signaling (Ho¨fer et
al., 2000). In particular, diffusion of second messengers through gap junctions appears to be responsible for intercellular calcium
waves in tracheal ciliated cells (Sneyd et al., 1995; Sanderson et al., 1990), glial cells (Charles et al., 1992), pancreatic acinar
cells (Loessberg-Stauffer et al., 1993; Yule et al., 1996) and other types (Sanderson et al., 1994).
There exist two different types of experimental studies of such waves. In one class, a single cell of a cultured monolayer
is stimulated mechanically, inducing the propagation of Ca  waves in the adjacent cells. Such studies have been carried out
on tracheal epithelial cells (Hansen et al., 1993) and endothelial cells. Sneyd et al. (Sneyd et al., 1995; Sneyd et al., 1998)
have proposed a model for these intercellular waves, which assumes gap junctional diffusion of IP

between adjacent cells.
Mechanical stimulation of a single cell produces IP

within the cell, which in turn causes the release of Ca from internal
stores in the form of an intracellular Ca wave. Diffusion of IP

between cells then initiates calcium waves in adjacent cells.
This process continues as long as the amount of IP

entering a given cell is sufficient to induce a Ca wave. In another class
of experiments, studies are carried out on freshly isolated systems of connected cells that are globally stimulated by hormones
(Loessberg-Stauffer et al., 1993; Nathanson et al., 1992; Combettes et al., 1994; Nathanson et al., 1995; Robb-Gaspers et al.,
1995). An interesting feature of these studies for liver cells (which are tightly coupled by gap junctions) is the sequential pattern
of Ca spiking in the different connected cells, which creates the appearance of Ca  waves (Nicholson et al., 1987).
Some recent papers have studied the mechanisms that control the coordination and intercellular propagation of calcium waves
induced in rat hepatocytes (studying propagation of such intercellular Ca  waves in doublet and triplet cells). A first paper
by Tordjmann et al. (Tordjmann et al., 1997) studied calcium waves induced by noradrenaline and showed that gap junction
coupling is necessary for the coordination of the oscillations between the different cells. The authors also demonstrated that it
is necessary to have hormone stimulation at each hepatocyte in order to have cell-cell calcium signal propagation. Furthermore,
they also found that there were functional differences between adjacent hepatocytes. A subsequent paper by the same authors
(Tordjmann et al., 1998) continued these studies, combining single-cell studies with experiments on cell populations isolated
from the peripheral (periportal) and central (perivenous) zones of the liver cell plate. They found strong evidence that the
sequential pattern of calcium responses to vasopressin in these multicellular rat hepatocyte systems was due to a gradient of cell
sensitivity (from cell to cell) for the hormone. The first cell to respond had the greatest sensitivity to the global stimulus, while
the last cell to respond had the least sensitivity. This is an important result, since such gradients may impose an orientation on
calcium waves in liver cells and provide a pacemaker-like mechanism for regulating intercellular communication in the liver.
Based upon these experimental studies, two models have been put forward in order to explain the observed results.
The first model is due to Dupont et al. who in (Dupont et al., 2000) studied a model based on junctional coupling of multiple
hepatocytes which differ in their sensitivity to the hormonal stimulus. As a consequence of this difference, the intrinsic frequency
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of intracellular calcium oscillations also varies from cell to cell. These oscillators are coupled by an intercellular messenger,
which could be either Ca or inositol 1,4,5-triphosphate IP

. The model yielded intercellular waves that were confirmed
experimentally (Dupont et al., 2000). The authors also presented experimental evidence that the degree of synchronization is
greater for the first few spikes, in agreement with the prediction of their model. They also presented evidence that suggested,
within the context of their model, that IP3 diffusion through gap junctions (rather than Ca  diffusion) plays the dominant role
in the synchronization of intercellular spiking.
An alternative model has also been proposed by Ho¨fer (Ho¨fer et al., 1999) to explain the experimental results obtained in the
first paper by Tordjmann et al (Tordjmann et al., 1997). Ho¨fer noted that this experiment revealed a rather large variability in
oscillator frequency between adjacent cells, which he argued is likely to be of random nature. As a consequence he studied the
possibility that this originates from random variations in the structural properties of cells (cell size, cell shape, or ER content).
In addition, Ca was assumed to be the second messenger (Ho¨fer et al., 1999). His results were in reasonable agreement with
those of Tordjmann et al. (Tordjmann et al., 1997).
Although we are not in a position to judge the relative merits of the two models, both are relatively successful and quite
interesting. However, they both have limitations. For example, the calcium spikes in the Dupont et al. are extremely sharp,
whereas the experimental spikes have a finite width. Ho¨fer’s model predicts more reasonable spike widths, but predicts an
intercellular synchronization at low stimulus that seems inconsistent with experiment (cf. Section 2). In addition, both models
are deterministic, described by differential equations with boundary conditions for the cell multiplets and with diffusion between
cells. Such models, however, do not produce stochastic effects such as fluctuations in the baseline values of calcium and
variations in the amplitudes and widths of the spikes that have been seen experimentally (Tordjmann et al., 1997; Tordjmann et
al., 1998). Indeed, since the number densities of intracellular signaling molecules are typically low (of order 1 to      ,
one would expect stochastic effects to be important (Stundzia et al., 1996; Kraus et al., 1996). To obtain a better explanation of
the experimental results, we have therefore studied stochastic versions of the above two models. Our simulation is based on a
Monte Carlo method due to Gillespie (Gillespie, 1976; Gillespie, 1977). Stochastic models of intracellular Ca  spiking for a
variety of cell types have been studied previously (Kraus et al., 1996; Prank et al., 1998; Keizer and Smith, 1998; Keizer et al.,
1998; Falcke et al., 2000).
The outline of our paper is as follows. In Section II we define and study a stochastic version of Ho¨fer’s model. In Section
III we study a stochastic version of Dupont et al.’s model. In both sections we compare our results with those of experiment.
Finally in Section IV we present a brief conclusion.
II. CALCIUM SYNCHRONIZATION OF HETEROGENEOUS CELLS
We first study a stochastic version of the deterministic model proposed by Ho¨fer (Ho¨fer et al., 1999) to explain the synchro-
nization of calcium oscillations in heterogeneous hepatocyte cells found by Tordjmann et al. (Tordjmann et al., 1998). His model
of intracellular dynamics is similar to earlier models (Somogyi et al., 1991; Dupont and Goldbeter, 1993), but includes calcium
inhibition of receptors (Bezprozvanny and Ehrlich, 1995; DeYoung et al., 1991). As noted above, he assumed that the rather
large variability in intrinsic oscillator frequencies observed by Tordjmann et al. is due to random heterogeneities of structural
properties (such as cell size, cell shape and ER content). He also argued that since there seems to be no feedback on PLC in
hepatocytes (Bird et al., 1997) and since non-metabolizable analogies of IP

can also produce oscillations (Thomas et al., 1991)
there is no involvement of IP

in the mechanism of oscillations. He thus assumed that the concentration of IP

rapidly reaches
a steady-state value (which can differ for different cells) that is treated as a parameter of the model. In addition, he argued that
since calcium oscillations may cause continuously changing junctional fluxes of calcium, the intercellular synchronization might
be due to a Ca flux across cellular gap junctions. Ho¨fer’s model considers a series of           connected cells. We















































are a dissociation constant and the total concentration of calcium binding sites respectively.





































































































The last term, proportional to , denotes diffusion between cells. The index pairs  =(1,2) and (2,1). The system can be













 describes the gating kinetics of the IP
































































define various structural characteristics of the cell and account for the heterogeneous





























is a dissociation constant and 

is the total concentration of calcium binding sites. Ho¨fer estimates that this cytosolic calcium





 ranges from 20 to 100 or so depending on cell type and chooses it as 75 in his calculation. The
definitions of the other parameters as well as their values are given in (Ho¨fer et al., 1999). Table I summarizes the values we
adopt for these parameters in the present paper.
The above set of Ho¨fer’s equations is deterministic and completely ignores the fluctuations that appear from the fact that
the chemical reactions do not occur uniformly and continuously in time. Gillespie’s method considers specifically that (a) the
concentration of molecular species can only vary by a discrete amount and (b) the chemical reaction itself is a stochastic process
that occurs with a certain rate. Therefore, it is not possible to determine which reaction will occur next, but rather which is the
probability that a given reaction will take place.




, such that the concentra-















In this model 	 is the volume of the cytosolic compartment of the cell, with fluctuation effects being most notable for small




can vary by discrete, integer, amounts according to some probability that reflects the
possible reactions taking place in the system. The possible events and their reaction constants are defined in table II. Consistent























































































































































  as the boundary condition for
diffusion. The stochastic simulation proceeds (Gillespie, 1977) by choosing randomly one of the  events with a probability
proportional to the reaction rate. Once the event is selected, the number populations change accordingly and time increases by a
given amount.
Following (Ho¨fer et al., 1999) we consider a spherical cell with a radius of   m, with a cell volume of about    , one
third of which is a cytosolic volume of about   . We have considered 	 to be essentially a parameter controlling the size
of the fluctuations. We display our results for 	    , i.e. the cytosolic cell volume. Fig. 1 shows the calcium oscillations
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for one isolated cell in our stochastic model for 	=300 and   	 respectively. Note that the result for large 	   	 agrees with
the deterministic limit (Ho¨fer et al., 1999).
Since the cell-cell permeability  that enters in the gap junction coupling is not known, we study the calcium oscillations for
a range of permeability values. To determine the maximum value of  we should use in the stochastic model we simulated the
experimental study of the doublet of hepatocytes, namely, first with only one of the cells stimulated with a hormonal input (local
perfusion) and then with both cells simultaneously stimulated (global perfusion). From the experimental results we know that
local perfusion is not sufficient for coordinated oscillations. Global perfusion of both cells, on the other hand, produces a well
synchronized Ca oscillation in the two cells. In Fig. 2 (a,b,c) we show our results of stimulating only one cell in the doublet.
We increase the cell - cell permeability to find the largest value that will not produce Ca  spiking in the second cell. We see
that the two cells respond differently, with different periods of oscillations; in neither case does the unstimulated cell show Ca 






Next we study the behavior of two connected hepatocytes. To simulate the experimental situation of two slightly different




 . We do not follow Ho¨fer in our choice of structural




 ) for a given volume 	=300 we could not obtain a well
synchronized response from two coupled cells. We also choose slightly different values of  (than Ho¨fer) to have better syn-
chronized oscillation patterns. The results of the simulation are shown in Figs. 3(a,b,c) for      ,    . The calcium
oscillations in the two cells are totally uncoordinated if the membrane permeability is set to zero, as should be the case (Fig.
3a). For a value of the permeability =    we find 1:1 locking (Fig. 3b). Fig. 3c shows the result for       in the
deterministic limit of large 	, which is in agreement with Ho¨fer’s results for this choice of parameters.
We have also simulated the experimental situation in which, after a few coordinated oscillations (between 200-500s), the
membrane permeability between cells is blocked in such a way as to prevent Ca  from passing through the membrane ( is set
to zero in the model). In this case the cells lose synchronization, but after washing the chemical responsible for the blocking, the
cells regain synchronization. This behavior is clearly seen in Fig.4a. The stochastic model yields a variation in the amplitude of
oscillations and fluctuations in the baseline value of Ca, in agreement with the experimental results. These effects are absent
in the deterministic limit of the model, shown in Fig.4b.
Finally, we model the experimental study of a triplet of hepatocytes, in which one can see synchronized intercellular signaling.
However, if a heparin treatment is applied to the intermediate cell the synchronized spiking between the first and third cells is
destroyed. In addition, the calcium oscillations of the middle cell are altered. Fig.5a show the results of our simulation. It can
be seen that after the heparin application at     there are no calcium oscillations in the second cell, and the first and third
cells in the triplet spike asynchronously. These results are in good agreement with the experimental results (Tordjmann et al.,
1998). We also show the results of going to the deterministic limit of large cell volume in Fig.5b, which are in agreement with
the original study, as to be expected.
The result of simulation of a cell triplet with the membrane permeability between cells set to zero is presented in Fig.6. It
can be clearly seen that cells that are not connected by gap junctions exhibit uncoordinated calcium signaling. Experiments
also show the absence of coordination among the calcium signals in connected hepatocytes at low concentrations of stimuli.
The cells respond in an asynchronous fashion because the relative differences in the levels of IP

are important. To simulate
this situation we have conducted the following numerical experiment. First we applied a low stimulation level     M to







 ). Note that calcium oscillations become synchronized with time (Fig. 7a). This continues to be the case even for
membrane permeability constants as small as    (result not shown). This behavior has not been seen experimentally.
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 . Fig. 7b shows that calcium oscillations that are initially synchronous become asynchronous
with time due to noise, and then again become synchronous. Although this effect has not been seen experimentally, it would
be very interesting to have experimental observations of calcium oscillations over long time intervals for medium stimulation
levels, since it is possible that even cells that are initially unsynchronized may become synchronized later on.
III. IP

SYNCHRONIZATION VIA HORMONAL SENSITIVITY GRADIENT
The second model we study is due to Dupont et al. (Dupont et al., 2000) and considers IP

as the second messenger responsible
for coordination of Ca signaling in connected hepatocytes. This model is based on the experimental observation that the
number of external receptors on a hepatocyte membrane depends on its location in the liver cell plate (Tordjmann et al., 1998).
Thus the authors consider a model of a multiplet of gap junction connected cells, with a small variation in the individual cell






. These are the
fraction of inactive IP

receptors, the concentration of cytosolic Ca and the concentration of IP

, respectively. The equations










































































































Besides these evolution equations, there is also diffusion of calcium inside each cell as well as intercellular diffusion of IP

,
with the latter providing the coupling between adjacent cells. The IP
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where the superscripts  and   indicate the IP

concentration at the right and left limits of the border, respectively. The spatial
coordinate is indicated by . We consider one-dimensional cells   long, each containing 20 grid points.
We study, using Gillespie’s method, a stochastic version of this model for different cell volumes and for a range of values of
the cell-cell permeability. We consider a cell of             in size (which gives us 	   for our stochastic
simulations), as assumed by Dupont et al. Fig.8 presents the results of our simulation for a single cell for some values of 	,
with the deterministic limit corresponding to large 	  . The results of our stochastic simulation in this deterministic
limit are consistent with (Dupont et al., 2000), as to be expected. In contrast to the deterministic model where the induction
time (latency of cell) depends only on the stimulus strength, we find a distribution of induction times in the stochastic model,
due to fluctuations in the calcium concentration. Fig.9 shows the distribution of induction times for one stimulated cell with


    
 
 $
. As there does not appear to be any systematic experimental study of such a distribution, we have
no data to compare our results with. It is also the case that the calcium spikes in these experiments have a width of    ,
which means that would be difficult to see fluctuations in the central position of the spikes.
For two connected cells we determine the cell-cell permeability following reference (Dupont et al., 2000), such that a doublet
of cells, with only one cell doped with stimulant, exhibits calcium oscillations only in the stimulated cell (as has been shown
experimentally). Fig. 10a presents these data. The results obtained from this stochastic model are in agreement with experiment
(Dupont et al., 2000), although the cell to cell permeability #

   m/s differs somewhat from that in the deterministic
model. We have to use a smaller value for the permeability because noise in the baseline produce spikes in the second, non-









decreased the value of   to obtain agreement with the experimental values of the average induction time. We also find that
the stochastic model with the parameters of reference (Dupont et al., 2000) reproduces the deterministic model in the limit of
large cell volume. This is to be expected, as in that limit fluctuation effects become negligible. Fig. 10b shows the results of the












 M/s). Another distinguishing feature from the deterministic model is that
stochastic effects produce a variation in the spike amplitudes, as was clearly seen in Fig. 8.
Figure 11a shows the result of the simulations for two connected, both stimulated, cells. These cells don’t go out of phase as




   m/s). Figure 11c
shows our results in the deterministic limit for large volume, for the same parameters as in (Dupont et al., 2000).
The experimental results exhibit more synchronization between cells than in this stochastic model. However, the stochastic
model yields better agreement with experiment in terms of the variation in amplitudes and period variations (for 	  ). As
noted in the introduction, the narrow width of the calcium peaks is a weakness of this model. Also note that in this model the
cell with smaller sensitivity can spike first depending on random fluctuations in the second cell (at 	  ).
For three connected cells we find in general the same results as for two connected cells, namely the cells spike in phase for
several times, but then lose synchronization, as can be seen in Fig.12(a,b). Finally, we simulate the effect of washing just before
the third cell spikes. After restoration of the agonist, the third cell normally spikes first (Fig. 13), but this is not always the case
and depends on fluctuations.
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IV. CONCLUSION
We have studied calcium oscillations in connected hepatocytes for two different stochastic models of calcium dynamics. The
first model (Ho¨fer et al., 1999) describes calcium dynamics between the endoplasmic reticulum and cytosol, with diffusion of
calcium between connected cells. In the second model (Dupont et al., 2000) connected cells have a gradient in IP

sensitivity
with diffusion of IP

between neighboring cells. Both models are described by a system of nonlinear differential equations. We
have solved these two models using a Monte Carlo approach, considering each term in a model as a specific reaction occurring
with a certain reaction rate. Our stochastic models are in better agreement with experiment than are the deterministic models.
Both stochastic models exhibit baseline fluctuations and variations in peak heights. The baseline fluctuations are somewhat
smaller in the second model with diffusion of IP

between cells, due to an averaging of calcium concentration over the cell
volume, as well as to model characteristics. The drawback of this model is the very narrow width of the calcium spikes. This
results in a distribution of latency times with a width of about    which is about the same order as the spike widths observed
in experiments. This would make it somewhat difficult to see such a distribution. In addition, the model could be significantly
improved by a modification that would yield a finite width for the spikes. When compared to the deterministic model, one finds
that a smaller permeability coefficient is needed in the stochastic model, since calcium fluctuations on the baseline level give rise
to calcium oscillations in the non-stimulated cell if only one cell is stimulated. It would be useful to have experimental results
for calcium oscillations on a much longer time scale than is normally presented, since the stochastic model shows that doublets
of cells can lose synchronization of calcium oscillations, but can subsequently regain it.
The model (Ho¨fer et al., 1999) with diffusion of Ca  between cells reproduced the experimental results for two cells with
only one of the cells stimulated. The model reproduces the experimental behavior in which the unstimulated cell does not show
calcium oscillations. Also, in accordance with experiments, when the two cells are both globally stimulated, well coordinated
calcium oscillations can be seen in both cells. In the stochastic model the frequency of final oscillations of coupled cells was
slightly smaller than the frequency of the cell with larger frequency oscillations in the doublet (when the cells are not connected
by gap junction diffusion). We have found that although this model works quite well for average stimuli strength, the model
does not reproduce the observed experimental response of cells at low stimuli with different structural parameters for three
connected cells. This is also true when the cells have different IP

sensitivity. Instead of a gradual loss of synchronization,
cells remain synchronized with a larger period of spiking. They also remain synchronized gap junction permeabilities as small
as      . With a further decrease of gap junction permeability, the cells initially do not oscillate together, but can
subsequently become synchronized. All the results of both deterministic models have been reproduced for their stochastic
versions, in the limit of large volume, as should be the case. Finally we conclude that it is important to take into account
stochastic effects in modeling calcium oscillations in connected hepatocytes.
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TABLE II. Stochastic formulation of model with intercellular diffusion of Ca 


































































































































































Calcium oscillations in the stochastic version of Ho¨fer’s model for a single cell,    , for different values of the volume






. We observe that the deterministic limit is already achieved for 	   	. Parameter values are as listed
in table I, with    ,    M and   . We have taken as initial condition for the cell the resting state without
agonist,    M.
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Calcium spiking in the stochastic version of Ho¨fer’s model including diffusion of Ca  through gap junctions for    con-
nected cells. Solid symbols correspond to variable 
 
and empty symbols to 

(the lines are a guide to the eye). Values of the








  ,   
  
, 	    

. In figure 2(a) only the













  M. The initial condition for




  M). With permeability constant less than      unstimulated
cells in doublet do not produce calcium oscillations. When both cells are stimulated they produce well-coordinated spikes.
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Calcium oscillations for a doublet of cells,   , for different values of the permeability constant : (a)      , (b)
  
  












  and the
cell volume is 	    . Same symbols meaning that in figure 2. In figure (c) we show the calcium oscillation in the
deterministic limit obtained for 	   	 and     .
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Effect of the temporal blocking of gap junction between two connected cells in the stochastic version of Ho¨fer’s model. We









  , while in figure (b) we consider the deterministic limit with 	   	 (this is the analog of Fig 6(a) from (Ho¨fer
et al., 1999)). Other parameters and symbol meanings as in figure 3.
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Simulation of heparin treatment for middle cell in the stochastic version of Ho¨fer’s model for a cell triplet,   . The treatment



















  ,   
  






in the cases (a) 	     where
stochastic effects are important, and (b) in the deterministic limit with 	   	, analog of Fig 6(b) from (Ho¨fer et al., 1999),
where treatment starts at time=300s.
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Calcium signaling for the stochastic version of Ho¨fer’s model in the case of three cells,   , for a cell volume 	     










































































Results for the low stimulus calcium oscillations in the stochastic version of Ho¨fer’s model for three connected cells and



























   M,     .
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Results of calcium oscillations in one cell for the stochastic version of Dupont et al. model for values of 	    .
Notice that, as expected, fluctuations decrease with increasing 	 and that the deterministic limit is already well reproduced by




 M/s. The rest of parameters are in table
III.
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 M/s. Other parameters as in table III.
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Calcium oscillations in two connected cells as obtained from the stochastic version of Dupont et al. model. Only the first
cell is stimulated. We use this model experiment as a method of adjusting the membrane permeability #

since it is known










    
 
 M/s, other parameters as in table III. (b) Deterministic limit












 M/s and the rest of the parameters as in table III.
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Calcium oscillations in two connected cells. Both cells are stimulated. Figures (a) and (b) correspond to the genuine stochas-











































, to match those
used in (Dupont et al., 2000) (figure 3d).
22



































































































(a) Numerical experiment using the stochastic version of Dupont et al. model for three connected cells with agonist removal
right before third cell spikes at    . After restoration of agonist at     third cell spikes first. Parameters the same as
for Fig. 12(a). (b) Details of Fig. 13(a) near    .
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